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ABSTRACT 
Let G be an infinite graph decomposing the plane into polygonal regions. We assume 
that there are at least 3 edges incident with each vertex of G, and at least 6 edges incident 
with each polygonal region. We define the distance between two vertices to be the 
least number of edges in any path joining them. Now let C be a simple closed path 
in G bounding a closed set D, and let 0 be any vertex of G. Then the maximum distance 
from 0 to a vertex of D is not attained at any vertex interior to D. The same conclusion 
holds with the pair of numbers (3,6) in the hypothesis replaced by (4,4) or (6,3). 
Certain metric theorems in the plane have combinator ia l  versions for 
the regular tesselations of  the plane, which carry over to a more extensive 
class of  plane graphs (see [1]). We obtain here an analog of  the following 
obvious metric theorem: if 0 is a point,  and M a non-empty compact 
set, both in the plane, then the max imum distance f rom 0 to a point  of  
M is not attained at any interior point  of  M. We prove a combinator ia l  
analog of this for a class of graphs in the plane including the regular 
hexagonal  tesselations, and satisfying the condit ion C(3,6): every vertex 
is incident with at least 3 edges, and every face with at least 6 edges. 
To state our result precisely, although it is essentially of  a finite nature, 
it is convenient o consider an infinite graph in the plane, which will 
serve as a combinator ia l  substitute for the continuous metric. We suppose 
of  G that it decomposes the plane into faces that are bounded,  connected, 
and simply connected, and such that only finitely many of  them lie in 
any bounded region. We suppose that G satisfies the condit ion C(3,6) 
stated above. As usual, a path in G is a consecutive sequence of  edges, 
and the distance d(P, Q) between two vertices is the smallest length of  
a path from P to Q. 
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THEOREM. Let 0 be any vertex of G, and M any non-empty finite 
subgraph of G. Then the maximum value of d(O, P ) fo r  P in M is not 
attained at any interior point P of M, that is, at any P not incident with 
some face of G that does not belong to M. 
We remark that an argument similar to that given below establishes 
the same result with the condition C(3,6) replaced by either of the 
conditions C(4,4) or C(6,3). 
The following lemma, from [1], follows directly from Euler's formula 
together with the hypothesis C(3,6). 
LEMMA 1. Let M, in G, be bounded by a closed path C, and contain 
more than one face. Then 
[4 -- i(F)] ~ 6, 
where the sum runs over all faces F of M with some edge on C, and where 
i(F) is the number of edges o fF  that do not lie on C. 
In fact, we shall use the lemma in the slightly sharper form obtained 
by restricting the sum to faces F such that the part of the boundary of F 
lying on C is a (consecutive) subpath of C. This sharper version is easily 
derived from the lemma as stated by induction: if removal of a face F 
separates M into two parts Mx and Ms, the result for M is easily deduced 
from that for M1 and M2, or else for 341 w F and Ms • F. 
The substance of our argument in contained in the next lemma. 
LEMMA 2. Let M be a subgraph of G bounded by a closed path C of 
length m and let 0 be a point on C. I f  Q is any interior point of M, then 
.(0, < [-7-] 
For each vertex P on C, let c(0, P) be the minimum of the lengths of 
the two subpaths of C between 0 and P. Note that the maximum value 
of c(0, P) is Ira/2], and is attained either at a single point or at two 
adjacent points; moreover, with this possible exception, the values of 
c(0, P) at adjacent points P differ by 1. 
Suppose that F is a face of M with i(F) ~< 3, hence with at least 3 edges 
on C, and that the result 3/1 of deleting F from M is connected. Then M1 
is bounded by a closed path C1 obtained from C by replacing at least 
3 edges of F lying on C by the no more than 3 remaining edges of F, 
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whence C1 has length ml ~ m. I f  also 0 lies on C1 and Q is interior to 
M1, we may suppose by induction on the number of faces that 
d(0, Q) < [m~/2], 
whence d(0, Q) < [m/2]. 
We may suppose henceforth that if F is a face of M with i(F) ~ 3 and 
such that removal of F leaves M connected, then either F is the only 
face containing 0, or else F contains Q. I f  Z+ is the sum of the positive 
terms from the sum entering in Lemma 1, in its sharpened form, then 
Z+ >~ 6, and the only terms in Z+ arise from faces F of the sorts just 
described. I f  there is only one face F of M containing 0, this contributes 
4 ~ i(F) ~ 4 to Z+. We examine now those F containing Q. 
Since Q is interior to M, the two edges of F at Q are interior edges, 
and i(F) ~> 2. Suppose i(F) = 2. Then Fhas successive vertices Q, Px ..... P ,  
where n >~ 5, and /~ ... P ,  is a subpath of C. Since C contains only a 
single point with e(0, P) maximal, or else two successive maximal points, 
FIGURE 1 
it is not possible for both P1 and P ,  to be either maximal or next to 
maximal, and for one of them we have 
c(0, P) ~ [m/2l - 2. 
But now 
d(O, Q) ~ d(O, P) + d(P, Q) <~ [m/2] - l, 
as required. 
We may suppose henceforth that i(F) = 3 for all faces F containing Q 
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and contributing to 27+. Such a face Fhas successive vertices R, Q, P1 ..... P , ,  
where n ~ 4, and P1 .-- P ,  is a subpath of C. As before, the conclusion 
holds unless PI is either maximal or next to maximal, and, similarly, 
unless P ,  is within two steps of maximal. In the remaining case,/'2 must 
be maximal. Similarly, if F'  is another such face, we have only to consider 
the case that corresponding P~ is maximal. Since P2 and P~ cannot be 
adjacent, there cannot be such a second face F'. We conclude that there 
is at most one face F, with i(F) = 3, containing Q and contributing to 27+. 
This face can contribute only 4 - - i (F )  = 1. Thus 27+ has at most two 
terms, and indeed 27+ ~< 4 § 1 < 6, contrary to Lemma 1. 
To complete the proof of the theorem, it clearly suffices to treat the 
case that M is bounded by a simple closed path C. Let C have successive 
vertices P1 ..... P~. Choose a path Di from 0 to each of the Pi, of shortest 
length. For each i, taken modulo n, let Ci be the closed path consisting 
of Di, the edge P,Pi+~, and the path D~+t reversed. Let Mi be the sub- 
graph of G contained in Ci. Evidently M is contained in the union of 
the Mi .  (At worst, this can be seen from mod 2 homology.) If  Q is 
interior to M, it belongs to some Mi ,  and is distinct from P~ and Pi+l 9 
Pi+! 
FIGURE 3 
I f  mi is the length of Ci, then, from the choice of Di and Di+l, the 
maximum value c(0, P) = [mi/2] is attained on Ci only at one or both 
of Pi and Pi+a 9 By Lemma 2, d(0, P) < [mi/2] at every interior point 
P of Mi. In any case, 
d(O, Q) < [mi/2] : max{d(0, P~), d(0, PI+I)}, 
which completes the proof. 
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